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Recent developments in quantum gas microscopy open up the possibility of real-time observation
of quantum many-body systems. To understand the dynamics of atoms under such circumstances,
we formulate the dynamics under a real-time spatially resolved measurement and show that, in
an appropriate limit of weak spatial resolution and strong atom-light coupling, the measurement
indistinguishability of particles results in complete suppression of relative positional decoherence.
As a consequence, quantum correlation in the multi-particle dynamics persists under a minimally
destructive observation. We numerically demonstrate this for ultracold atoms in an optical lattice.
Our theoretical framework can be applied to feedback control of quantum many-body systems which
may be realized in subwavelength-spacing lattice systems.
PACS numbers: 03.65.-w, 03.75.Lm, 02.50.Ey, 67.85.-d
I. INTRODUCTION
A quantum system subject to continuous observation
dramatically alters its dynamics due to the backaction of
the measurement [1, 2]. An outstanding challenge is to
understand the interplay between the quantum many-
body dynamics and the measurement backaction in a
continuously monitored system. Experimental advances
in ultracold atoms have brought about a unique oppor-
tunity to address this fundamental question. In fact,
recent realizations of single-site resolved detection [3–
8] and addressing [9, 10] of atoms in an optical lattice
offer a powerful tool to investigate the quantum many-
body dynamics at the single particle level [11–17]. Fur-
ther developments of in-situ imaging techniques will al-
low us to perform a nondestructive, real-time monitor-
ing of the quantum many-body dynamics [18–26]. How-
ever, to achieve such a minimally destructive observa-
tion of a quantum gas, it is essential to perform a weak
and continuous measurement, in contrast to the conven-
tional strong (projective) and single-shot measurement
[27]. This type of continuous monitoring is a crucial step
to apply measurement-based feedback control [28, 29] to
quantum many-body systems and will provide a new re-
source to quantum technology. Furthermore, such a mon-
itoring may offer an opportunity to explore an effect of
measurement backaction on quantum critical phenomena
[30–34]. Thus, it is necessary to develop a theoretical
tool to analyze the quantum many-body dynamics under
real-time observation. Of particular interest is a physical
consequence of the indistinguishability of measurement
signals in such a continuously monitored system.
In this paper, we consider the quantum dynamics of
multiple atoms in an optical lattice subject to a real-
time spatially resolved observation, and obtain a stochas-
tic many-body Schro¨dinger equation in an appropriate
limit of weak spatial resolution and strong atom-light
coupling. Taking such a limit is essential to achieve a
minimally destructive monitoring of quantum gases, as
detailed below. While a general theory of the stochastic
Schro¨dinger equation has been well established [35, 36],
the derivation of the fundamental time-evolution equa-
tion for indistinguishable particles subject to weak con-
tinuous monitoring has long remained elusive [37]. We
show that the indistinguishability of measurable signals
leads to the complete suppression of the relative posi-
tional decoherence, which makes a striking contrast with
the case of distinguishable particles. This suppression in-
duces the unique quantum transport dynamics that de-
pends strongly on the measurement distinguishability of
particles as schematically illustrated in Fig. 1. In partic-
ular, the quantum correlation of indistinguishable par-
ticles is shown to persist under a minimally destructive
observation. We demonstrate these results by numeri-
cal simulations of correlated quantum walks. In previous
works concerning the site-resolved position measurement
[38–42] and continuous position measurement of a single
quantum particle [43–47], the indistinguishability does
FIG. 1. (color online). Schematic illustration of (a) distin-
guishable and (b) indistinguishable signals. If the signals com-
ing from multiple particles cannot be distinguished, the rel-
ative positional coherence in the multi-particle dynamics can
be preserved and a superposition of more than one relative
position is allowed [(b) bottom]. If the signals are distin-
guishable, the relative position can take on a single value at
each instant of time [(a) bottom]. On the other hand, the
center-of-mass position behaves the same way for both cases.
2FIG. 2. (color online). Schematic geometry of the system.
Atoms trapped in an optical lattice (bottom, blue dots) are
illuminated by an off-resonant light. A scattered photon is
diffracted through a lens and detected on the screen. This in-
duces the measurement backaction that causes the reduction
of the wavefunction according to the outcome X and a spatial
resolution σ.
not play such a nontrivial role. Our finding has the di-
rect relevance to current techniques of in-situ observation
of quantum gases [3–8, 18–26].
Our results also have a practical implication in pre-
serving coherence in quantum technology and opening
up the possibility of performing measurement-based feed-
back control of quantum many-body systems. In particu-
lar, our theoretical description and finding may have im-
portant applications to recently proposed subwavelength-
spacing lattices [48–51] as discussed below.
This paper is organized as follows. In Sec. II, we in-
troduce a stochastic Schro¨dinger equation as a model to
describe the dynamics of particles trapped in a lattice
subject to a spatially resolved continuous monitoring. In
Sec. III, we consider a situation in which a spatial res-
olution is so low that we can continuously monitor the
dynamics of atoms without substantial heating, making a
sharp contrast to the conventional projective and single-
shot measurement. To do so, we take the limit of weak
spatial resolution and strong atom-light coupling and
derive the stochastic time-evolution equation including
the Wiener process for both indistinguishable and distin-
guishable particles. In Sec. IV, we numerically demon-
strate that the indistinguishability of multiple particles
qualitatively alters their dynamics as a result of the ab-
sence of decoherence in relative positions. In Sec. V, we
make several remarks on the relevance of our work to
previous works and also on experimental conditions to
achieve a minimally destructive observation. In Sec. VI,
we conclude this paper.
II. THE MODEL
A. Measurement protocol
We consider N atoms trapped in a lattice subject to a
spatially resolved measurement as described in Ref. [22].
For the sake of self-containedness, we briefly review the
measurement protocol under consideration.
Trapped atoms are described by the Bose-Hubbard
Hamiltonian Hˆ = −J∑m(bˆ†mbˆm+1 + H.c.) +
(U/2)
∑
m nˆm(nˆm − 1), where J and U are the hopping
amplitude and the on-site interaction, respectively,
bˆ†m is the creation operator of a boson at site m, and
nˆm = bˆ
†
mbˆm. We consider the eigenspace of the total
particle number
∑
m nˆm = N . We measure atoms
by illuminating an off-resonant probe light, and each
scattered photon is diffracted through a lens aperture
and detected on a screen as schematically illustrated
in Fig. 2. The detection causes the measurement back-
action which induces the reduction of the many-body
wavefunction of atoms, and constitutes a position
measurement of identical particles [22]. By integrating
out the Heisenberg equation of motion and by using
the fact that the length scale of the optical geometry is
much larger than the lattice constant d, we obtain the
positive frequency component of the scattered light field
which gives the following measurement operator
Mˆ(X) =
√
γ
∑
m
f(X −md)bˆ†mbˆm, (1)
where X denotes a measurement outcome, γ is the pa-
rameter characterizing the strength of the measurement,
and f is an amplitude of a general point spread function.
Here we assume that f is normalized as
∫
f2(X)dX = 1
and is symmetric about the origin f(X) = f(−X). In
the low-resolution limit discussed below, physical prop-
erties do not depend on the details of the point spread
function, but only on an effective spatial resolution σ (see
Fig. 2) which is introduced as an expansion coefficient of
the displaced integration of f :∫
dXf (X −md) f (X − ld) ≃ 1− (m− l)
2d2
4σ2
. (2)
For example, if we consider a Gaussian point spread func-
tion f(X) = e−X
2/(2σ2)/(σ2pi)1/4, the standard deviation
serves as the effective resolution.
B. Dynamics of atoms under continuous
observation
Let us formulate the dynamics of atoms subject to
the continuous spatially resolved measurement discussed
above. While we focus on the lattice system in this pa-
per, the following discussions can be generalized to con-
tinuous space. When we consider photodetection as a
3measurement process, the quantum jump process asso-
ciated with measurement backaction can be modeled by
a marked point stochastic process [52]. Thus, we de-
scribe the quantum dynamics under continuous monitor-
ing by the following stochastic many-body Schro¨dinger
equation (see Refs. [35, 36] for a general theory):
d|ψ〉 = − i
h¯
Hˆ |ψ〉dt
− 1
2
∫
dX
(
Mˆ †(X)Mˆ(X)− 〈Mˆ †(X)Mˆ(X)〉
)
|ψ〉dt
+
∫
dX

 Mˆ(X)|ψ〉√
〈Mˆ †(X)Mˆ(X)〉
− |ψ〉

 dN(X ; t). (3)
The first term on the right-hand side describes a unitary
evolution under the Bose-Hubbard Hamiltonian, while
other terms describe a non-unitary time evolution caused
by the measurement backaction. Here 〈· · · 〉 denotes an
expectation value with respect to state |ψ〉. In the no-
count process in which no photons are detected, the
time evolution of the quantum state is governed by the
second line in Eq. (3). For a single-particle case, this
part reduces to the unitary evolution because the non-
Hermitian term −1/2 ∫ dXMˆ †(X)Mˆ(X) is proportional
to the identity operator and it contributes merely to
a global constant factor. In contrast, for multiple in-
distinguishable particles, the time evolution during the
no-count process is qualitatively different because quan-
tum interference between indistinguishable particles al-
ters the subsequent measurement rate depending on the
atomic configuration. The third line in Eq. (3) describes
the quantum jump process associated with photodetec-
tions, where dN(X ; t) is a marked point process [53]
satisfying dN(X ; t)dN(Y ; t) = δ(X − Y )dN(X ; t) and
E[dN(X ; t)] = 〈Mˆ †(X)Mˆ(X)〉dt. Here E[· · · ] denotes
an expectation value of the intensity of the stochastic
process, which should be interpreted as the conditional
mean given the past history. We note that dN(X ; t) is
not a simple Poisson process since its intensity depends
on a stochastic vector |ψ〉.
III. SUPPRESSION OF RELATIVE
POSITIONAL DECOHERENCE
A. Minimally destructive observation
Since our aim is to discuss real-time monitoring of
a quantum gas, we consider a weak and continuous
measurement instead of the conventional projective and
single-shot measurements that entail substantial heating
and loss of atoms [27, 48–51]. To achieve such a mini-
mally destructive observation, it is essential to take the
limit of both weak spatial resolution (σ ≫ d) and strong
atom-light coupling (γ ≫ J/h¯) while keeping the ratio
γ/σ2 finite. This limiting procedure is essential to ob-
tain a stochastic Schro¨dinger equation involving a non-
trivial competition between the measurement backaction
and the intrinsic unitary dynamics of the system [1, 43–
47]; otherwise, the unitary part of the evolution would be
completely suppressed due to the quantum Zeno effect
[20], or the contribution from the measurement backac-
tion would vanish.
We begin by considering the total number of photo-
counts observed during a time interval [0, t], which is
N˜(t) =
∫
N(t;X)dX . In the limit of weak spatial res-
olution, the mean of its rate of change is given by〈
dN˜(t)
dt
〉
=
∫
dX〈Mˆ †(X)Mˆ(X)〉
≃ γ
∑
m,l
(
1− (m− l)
2d2
4σ2
)
〈nˆmnˆl〉 ≃ γN2,
(4)
where we use Eq. (2) in deriving the second (approx-
imate) equality. Since the number of counts within a
given time interval goes to infinity in the limit γ → ∞,
from the central limit theorem, we can approximate the
fluctuation of stochastic intensity as
dN˜(t)− ∫ dX〈Mˆ †(X)Mˆ(X)〉dt
N
√
γ
≃ dW (t), (5)
where dW (t) is the Wiener stochastic process satisfying
E[dW (t)] = 0 and (dW (t))
2
= dt. Similarly, as for the
spatial dependent stochastic process dN(X ; t), we ap-
proximate its fluctuation as
dN(X ; t)− 〈Mˆ †(X)Mˆ(X)〉dt√
〈Mˆ †(X)Mˆ(X)〉
≃ dW (X ; t), (6)
where dW (X ; t) is the position-dependent
Wiener process satisfying E[dW (X ; t)] = 0 and
dW (X ; t)dW (Y ; t) = δ(X − Y )dt.
B. Time-evolution equation for indistinguishable
particles
Let us discuss the time-evolution equation that gov-
erns the dynamics of indistinguishable particles under
real-time observation described above. To do so, we con-
sider the time-evolution equation of the density matrix
ρˆ = |ψ〉〈ψ| and then substitute Eqs. (5) and (6) into it
to take the limit of weak spatial resolution and strong
atom-light coupling outlined above. In particular, from
the condition of a weak spatial resolution, we assume that
atoms are not spatially resolved, i.e., the spatial exten-
sion of the atomic wavefunction is less than the resolution
σ. The technical details of calculations are given in Ap-
pendix A. We thus obtain the following stochastic many-
body Schro¨dinger equation including the center-of-mass
operator XˆCM =
∑
mmnˆm/N in the backaction terms:
4dρˆ =− i
h¯
[
Hˆ, ρˆ
]
dt− N
2γd2
4σ2
[
XˆCM ,
[
XˆCM , ρˆ
]]
dt
+
√
N2γd2
2σ2
{
XˆCM − 〈XˆCM 〉, ρˆ
}
dW (t), (7)
where dW (t) is the Wiener stochastic process and orig-
inates from an overall fluctuation in the observed sig-
nals (see Appendix A). Remarkably, in contrast to distin-
guishable particles [44, 54], the relative positional deco-
herence term is absent, which has profound implications
for quantum transport as demonstrated below. The cru-
cial observation here is that the indistinguishability of
measurable signals leads to the interference of the am-
plitudes between particles at different sites, resulting in
the cancellation of the relative positional decoherence.
In this respect, we note that the suppression can also oc-
cur for intrinsically distinguishable yet practically indis-
tinguishable particles in the actual measurement process
(for example, imagine the coherent light scattering by iso-
topes). In practice, the measurement distinguishability
would be relevant when one considers, for example, the
state-selective imaging [9, 13–16, 21] or the polarization
measurement [55].
We note that the suppression of the relative positional
decoherence can also be interpreted as an emergence of a
decoherence-free subspace (DFS) [56, 57]; the continuous
measurement backaction can generate an effective DFS
which is given by a certain value of the center-of-mass
coordinate of the many-body system. Such an emergence
of a DFS is a manifestation of the symmetry property
in the measurement operator acting on indistinguishable
particles.
The time-evolution equation (7) shows the first gen-
eralization of a model of continuous position measure-
ment [43–47] to quantum many-body systems. Due to
the difficulty of generalizing the original derivations [43–
47], a continuous position measurement model for indis-
tinguishable particles has long remained elusive [37] be-
cause photons scattered at two different sites can be dis-
tinguished. The measurement indistinguishability could
not play a nontrivial role for the cases of site-resolved
measurement [38–42] and single particle models [43–47].
Note that we do not assume that the degrees of freedom
of relative positions are frozen unlike in a rigid system
[54, 58, 59].
C. Time-evolution equation for distinguishable
particles
Let us next discuss the time-evolution equation for dis-
tinguishable particles. We consider N distinguishable
particles and introduce the associated measurement op-
erators Mˆi(X) given by
Mˆi(X) =
√
γi
∑
x
f(X − xd)|x〉ii〈x|, (8)
where i is the label of particles, γi is a detection rate
of measurable signals of particle i, f denotes a general
point spread function, and x is the discretized position
of a lattice. Then, the stochastic Schro¨dinger equation
for distinguishable particles becomes
d|ψ〉 = − i
h¯
Hˆ |ψ〉dt
− 1
2
N∑
i=1
∫
dXi
(
Mˆ †i (Xi)Mˆi(Xi)
−〈Mˆ †i (Xi)Mˆi(Xi)〉
)
|ψ〉dt
+
N∑
i=1
∫
dXi

 Mˆi(Xi)|ψ〉√
〈Mˆ †i (Xi)Mˆi(Xi)〉
−|ψ〉

dNi(Xi; t),
(9)
where dNi(X ; t) are the stochastic processes associ-
ated with a measurable signal of particle i and obey
dNi(X ; t)dNj(X ; t) = δijδ(X − Y )dNi(X ; t). For non-
interacting distinguishable particles, the Hamiltonian
takes the form Hˆ = −J∑i,m(bˆ†i,mbˆi,m+1 + H.c.), where
we assume that the hopping rate is independent of par-
ticle species i. For simplicity, we assume that the par-
ticles are not entangled in the initial state. By taking
the limit of weak spatial resolution and strong coupling
of Eq. (9) (see Appendix B), we can obtain the following
time-evolution equation for distinguishable particles:
dρˆ =− i
h¯
[
Hˆ, ρˆ
]
dt−
N∑
i=1
γid
2
4σ2
[xˆi, [xˆi, ρˆ]] dt
+
N∑
i=1
√
γid2
2σ2
{xˆi − 〈xˆi〉, ρˆ} dWi(t), (10)
where we introduce the position operator of each par-
ticle, xˆi =
∑
mm|m〉ii〈m|, and dWi(t)’s are indepen-
dent Wiener processes satisfying E[dWi(t)] = 0 and
dWi(t)dWj(t) = δi,jdt. Physically, the Wiener process
dWi represents fluctuations of measureble signals com-
ing from the i-th particle. For simplicity, we assume that
the scattering rate γi = γ is independent of i. Then, the
time-evolution equation (10) is simplified as follows:
dρˆ =− i
h¯
[
Hˆ, ρˆ
]
dt− Nγd
2
4σ2
[
XˆCM ,
[
XˆCM , ρˆ
]]
dt
− γd
2
4σ2
N∑
i=1
[rˆi, [rˆi, ρˆ]] dt
+
√
Nγd2
2σ2
{
XˆCM − 〈XˆCM 〉, ρˆ
}
dW (t)
+
√
γd2
2σ2
N∑
i=1
{rˆi − 〈rˆi〉, ρˆ} dWi(t), (11)
5where we define the center-of-mass operator XˆCM =∑N
i=1 xˆi/N , the relative coordinate, rˆi = xˆi − XˆCM , and
dW (t) ≡
√
1/N
∑
i dWi(t). We note that dW (t) is not
independent from dWi(t). Equations (10) and (11) are
consistent with the known result [44, 54] for a model of
continuous position measurement of distinguishable par-
ticles, which can be obtained by applying a single-particle
model [43–47].
The key point is that, for distinguishable particles,
there exists the contribution from relative positional de-
coherence (the third and the fifth terms on the right-
hand side of Eq. (11)). Since the Wiener processes in
the time-evolution equations originate from the noise in
the observed signals, the additional dissipative terms in
Eq. (11) result from the distinguishability of the particles
by the different observable signals. Such a contribution
can be completely suppressed for indistinguishable par-
ticles as shown in the previous section and significantly
change the behavior of quantum transport as discussed
in the next section.
D. Emergence of three temporal regimes
The interplay between the measurement distinguisha-
bility and the quantum transport can result in a unique
multi-particle dynamics. To discuss such a physical con-
sequence of the absence of the relative positional decoher-
ence for indistinguishable particles, let us focus on the de-
coherence rate of the off-diagonal term 〈{nm}|E[ρˆ]|{n′m}〉
of the density matrix:
Γ{nm},{n′m} =
N2γd2
4σ2
(XCM −X ′CM )2 . (12)
This can be obtained by considering matrix elements
of the second term on the right-hand side of Eq. (7).
Here {nm} denotes the Fock state and XCM (X ′CM ) is
the center-of-mass coordinate of the state {nm} ({n′m}).
From Eq. (12), we can infer the following distinct regimes
in the time evolution:
(i) Center-of-mass collapse regime. A superposition of
different center-of-mass states rapidly decoheres. Con-
sequently, the many-body wavefunction collapses into
a state whose center-of-mass coordinate takes a well-
localized value. This collapse occurs on the time scale
of about 4σ2/(N2γd2L2), where L denotes a typical dis-
tance between the center-of-mass positions of the super-
posed Fock states.
(ii) Inertial regime. Once the center-of-mass coordinate
is well localized, the coherence within the subspace of the
Fock states that take on the values close to the center of
mass is preserved due to the absence of the relative posi-
tional decoherence. Thus, the relative quantum motion
of multiple indistinguishable particles is basically unaf-
fected by the continuous monitoring.
(iii) Diffusive regime. In the long-time limit (t ≫
4σ2/(γd2)), the coherence between the nearest Fock
states whose center-of-mass coordinates differ by the min-
imal distance δXCM = 1/N is eventually lost, and parti-
cles start to undergo random walk. While such an even-
tual diffusive transport can also be seen for distinguish-
able particles, the diffusion constant is qualitatively dif-
ferent depending on quantum statistics (see Fig. 4(a)).
IV. NUMERICAL SIMULATIONS FOR TWO
PARTICLES
To demonstrate the general properties discussed in the
preceding section, we perform numerical simulations at
the single-trajectory level on the basis of Eq. (7) for
indistinguishable particles and Eq. (11) for distinguish-
able particles. A particularly interesting and important
regime is the inertial regime where the coherent quantum
dynamics of relative motion persists owing to the absence
of relative positional decoherence. Such robustness can
manifest itself in quantum walks of two particles. From
now on, we set U = 0 and focus on the quantum behavior
caused by purely quantum statistics and measurement in-
distinguishability of particles. We note that, for fermions,
the operators bˆ†m and bˆm in the Hamiltonian Hˆ should
be interpreted as the fermionic operators. As long as we
consider non-interacting particles, qualitatively the same
argument should apply to a larger number of particles.
To make a fair comparison, we perform numerical simu-
lations under the condition that the total detection rate
Γ of signals is the same.
FIG. 3. (color online). Real-time quantum dynamics of two
particles under continuous observation. (a) Unitary time evo-
lution. Without measurement backaction, quantum statistics
hardly affects the atomic density. (b-d) Quantum dynamics
subject to the measurement backaction for (b) distinguish-
able particles, (c) bosons, and (d) fermions, calculated for
Γ = 2.0. Owing to the absence of the relative positional deco-
herence, (c) bunched and (d) anti-correlated quantum walks
persist, whereas distinguishable particles exhibit uncorrelated
random walks (b).
6While an expectation value of a physical observable
can be obtained from the expectation value of the density
matrix E[ρˆ] that is obtained by integrating out its mas-
ter equation, the aim of our numerical simulations here
is to reveal the real-time dynamics of quantum particles
subject to the weak and continuous monitoring at the
single-trajectory level. Indeed, there exists certain infor-
mation, such as the widths of the localized wavepackets,
that are inherent to such real-time dynamics and can
be inferred only from considering the dynamics at the
single-trajectory level as discussed below.
A. Inertial regime
We consider an initial condition in which two par-
ticles are localized at adjacent sites. Without mea-
surement backaction, the density profile is almost inde-
pendent of quantum statistics of the particles involved
(Fig. 3a) [60]. In this case, the peaks of the atom den-
sity propagate along two straight lines, indicating ballis-
tic transport of atoms: 〈x2〉 = 2J2t2/h¯2 [61]. In contrast,
with measurement backaction, the quantum dynamics
dramatically changes depending on quantum statistics.
While distinguishable particles exhibit uncorrelated ran-
dom walks (Fig. 3b), indistinguishable particles exhibit
ballistic and strongly correlated walks (Fig. 3c, d). Bal-
listic transport implies that quantum coherence between
Fock states within a well-localized center-of-mass sub-
space is preserved, which is characteristic of the inertial
regime. This results from the fact that indistinguishabil-
ity of measurable signals protects the quantum system
from relative positional decoherence. The strong corre-
lation arises from the multi-particle interference between
quantum amplitudes of identical particles.
For bosons, two atoms move in the same direc-
tion due to constructive interference of identical bosons
(Fig. 3c). Because of rapid collapse of the center-of-mass
coordinate, two bosons form a localized wave packet.
The collapse occurs on the time scale of about tcol ≃
(3
√
2h¯2/(ΓJ2))1/3. In practice, to experimentally ex-
plore such localization of the bosonic wavefunction, it
is advantageous to verify the absence of two-particle in-
terference, since the difference from the coherent time
evolution of Fig. 3(a) is hardly distinguished with a den-
sity profile after taking the ensemble average over mea-
surement outcomes. One can also confirm this boson
bunching by coincidence measurement.
In contrast, for fermions, two atoms move in the oppo-
site directions due to destructive interference (Fig. 3d),
and the center-of-mass coordinate takes a localized value
around zero due to the anti-correlation, so that the weak
continuous monitoring does not appreciably alter the
quantum dynamics compared with the coherent dynam-
ics of Fig. 3(a), making striking contrast with the site-
resolved measurement [39].
B. Diffusive regime
To discuss the diffusive regime, we numerically simu-
late the dynamics for a larger strength of the measure-
ment Γ. Figure 4 (a) plots the square σ2r of relative
distance between two particles averaged over many re-
alizations. For distinguishable particles, relative motion
eventually exhibits random-walk behavior with the dif-
fusion constant Dc = 16J
2σ2/(γh¯2d2) (see App. C). In
contrast, quantum statistics serves as an effective attrac-
tive (repulsive) interaction for bosons (fermions), result-
ing in a diffusion constant smaller (larger) than Dc. Fig-
ure 4 (b) and (c) show typical realizations of two-particle
transport for bosons and fermions, respectively. Here
we do see that quantum statistics can affect the diffusive
transport because the coherence between Fock states that
have the same center-of-mass value remains nonvanishing
owing to the complete suppression of relative positional
decoherence.
V. DISCUSSIONS
The time-evolution equation (3) implies that, since rel-
evant decoherence operators now reduce to the center-
of-mass coordinate alone, we can generalize the theory
of quantum feedback control [28, 29] that was originally
developed in homodyne detection in quantum optics to
quantum many-body systems. The center-of-mass posi-
tion should be controllable, for example, by displacing
the entire optical lattice.
FIG. 4. (color online). Diffusive regime of two-particle quan-
tum dynamics under continuous observation. (a) Variance
of the relative distance divided by the elapsed time. Dis-
tinguishable particles (solid curve) show exponential conver-
gence to 2Dc/J (dashed line). Bosons (blue dashed curve) and
fermions (red dash-dotted curve) exhibit a stronger diffusion
and a weaker diffusion, respectively, than distinguishable par-
ticles. A typical realization of the atomic density is shown for
(b) bosons and (c) fermions. The results are calculated with
Γ = 16.0 and averaged over 103 realizations.
7In the opposite high-resolution limit σ ≪ d,
Eq. (3) reproduces the Lindblad-type equation: E[ ˙ˆρ] =
−(i/h¯)[Hˆ, ρˆ]− (γ/2)∑m[nˆm, [nˆm, E[ρˆ]]], which has been
used in the study of the quantum dynamics under the
site-resolved measurement [38, 40–42]. In the absence of
interaction U = 0, the coherence is rapidly lost during
the time scale of ∼ 1/γ and particles exhibit diffusive be-
havior characteristic of classical random walk [62–65]. In
the presence of nonzero interaction U 6= 0, an exotic be-
havior such as anomalous diffusion can be found [40, 41].
Thus, exploring such a nontrivial role of the interaction in
the weak continuous measurement regime merits further
study. In particular, Eq. (7) enables us to investigate a
real-time dynamics of a many-body system conditioned
on measurement outcomes.
While we consider here an ideal situation of a unit
collection efficiency of signals, our theory can easily be
generalized to take into account uncollected signals by
using the standard treatment of open quantum systems
[1, 66]. For a possible effect of heating, although such
effects can usually be made negligible, for example, by
conducting an experiment in the deep Lamb-Dicke regime
[67] or using Raman sideband cooling [6, 7, 19, 20], con-
tinuous imaging may cause heating of trapped atoms in
the long-time regime. In such a case, the theory should
be modified by including higher bands [38]. To achieve
the real-time monitoring discussed in this paper, one
needs to perform a low-resolved imaging of optical lat-
tice systems. While the resolution σ can be changed by
adjusting a numerical aperture of lens [68], such a con-
trol also affects the collection efficiency of signals and
may lead to a higher heating rate of atoms. To meet
the requirement, we suggest that recently proposed sub-
wavelength lattices [48–51] will offer candidate systems
for implementing such a minimally destructive imaging.
This is because, in those systems, the lattice constant
can be made much shorter than that of optical lattice
systems, and both a low spatial resolution and a high
collection efficiency of photons can be attained simulta-
neously. Another possible scheme is to use imaging light
whose wavelength is longer than the lattice constant in
which a heating effect can be substantially suppressed.
VI. CONCLUSION
In this paper, we have constructed a theoretical frame-
work for real-time monitoring of the multi-particle dy-
namics in an optical lattice. To discuss a real-time, mini-
mally destructive observation of quantum gases, we con-
sider the low-resolved and continuous position measure-
ment of atoms. In the limit of weak spatial resolution
and strong atom-light coupling, we have shown that the
indistinguishability of particles in a measurement process
protects the system from the relative positional decoher-
ence, leading to the unique transport dynamics. We show
that the interplay between the suppression of the relative
positional decoherence and quantum transport results in
the distinct regimes in the time evolution. In particu-
lar, we find the regime where quantum correlation in the
dynamics of indistinguishable particles persists owing to
the suppression of relative positional decoherence. In the
long-time regime, particles start a random walk behavior,
where the diffusion constant strongly depends on parti-
cle species. We numerically demonstrate these results by
quantum walks of two atoms trapped in an optical lattice.
Our findings should be investigated by sub-wavelength
lattice systems or using an imaging light whose wave-
length is longer than the lattice constant. Such real-time
observation will be applicable for realizing quantum feed-
back control of quantum many-body systems. Also, it
may provide an interesting opportunity to explore an in-
fluence of measurement back-action on quantum critical
phenomena [30–34].
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Appendix A: Limit of weak spatial resolution and
strong atom-light coupling
Here we take the weak-resolution and strong atom-
light coupling limit of Eq. (3) and derive the time-
evolution equation (7) that describes the dynamics of
indistinguishable particles under real-time observation.
Using Eq. (3) and the multiplication rule of dN(X ; t),
we obtain the time-evolution equation of ρˆ = |ψ〉〈ψ| as
follows:
dρˆ =− i
h¯
[
Hˆ, ρˆ
]
+D[ρˆ]dt+
∫
dX
(
Mˆ(X)ρˆMˆ †(X)
〈Mˆ †(X)Mˆ(X)〉−ρˆ
)
×
(
dN(X ; t)− 〈Mˆ †(X)Mˆ(X)〉
)
, (A1)
D[ρˆ] =
∫
dX
(
Mˆ(X)ρˆMˆ †(X)− 1
2
{
Mˆ †(X)Mˆ(X), ρˆ
})
.
(A2)
For the sake of concreteness, we consider the opera-
tor with the Gaussian point-spread function: Mˆ(X) =√
γ/
√
piσ2
∑
m exp
[−(X −md)2/(2σ2)] nˆm. Then, the
8dissipator D[ρˆ] in Eq. (A2) can be calculated as
D[ρˆ] ≃ −γ
2
∑
m,l
(
1− (m− l)
2d2
4σ2
[nˆl, [nˆm, ρˆ]]
)
= −N
2γd2
4σ2
[
XˆCM ,
[
XˆCM , ρˆ
]]
, (A3)
where we assume that the spatial resolution of the mea-
surement is so low that interference peaks of atoms in
a cluster cannot be resolved. Technically, this is equiv-
alent to requiring that matrix elements of the operator
nˆmnˆlρˆ+ ρˆnˆlnˆm−2nˆmρˆnˆl rapidly vanish for |m− l| > σ/d
so that the expansion of the exponential function is jus-
tified [37]. In deriving the last equality, we use the par-
ticle conservation
∑
m nˆm = NIˆ, where N is the number
of atoms and Iˆ is the identity operator, and introduce
the center-of-mass operator XˆCM =
∑
m nˆm/N . Equa-
tion (A3) gives the first line in the time-evolution equa-
tion (7).
Next, we consider the weak spatial-resolution and
strong atom-light coupling limit of the fluctuating con-
tribution that is the last term in Eq. (A1). To complete
the derivation of Eq. (7), the following contribution has
to be shown to go to zero in this limit:∫
dX R(X ; t)
dN(X ; t)− 〈Mˆ †(X)Mˆ(X)〉dt√
〈Mˆ †(X)Mˆ(X)〉
≃
∫
dX R(X ; t)dW (X ; t), (A4)
where we use the approximation (6) and introduce
R(X ; t) =
√
〈Mˆ †(X)Mˆ(X)〉
×
(
Mˆ(X)ρˆMˆ †(X)
〈Mˆ †(X)Mˆ(X)〉−ρˆ−
d√
2 σ
{
XˆCM−〈XˆCM 〉, ρˆ
})
.
(A5)
To do so, we expand the Gaussian function in the oper-
ator Mˆ(X) as
∑
m
e−
(X−md)2
2σ2 nˆm ≃ e−
X
2
2σ2
∑
m
(
1 +
mXd
σ2
)
nˆm(A6)
= e−
X
2
2σ2 N
(
Iˆ +
Xd
σ2
XˆCM
)
. (A7)
Use of the approximation (A6) in Eq. (A4) can be jus-
tified as follows. First, since we consider the situation
in which atoms cannot spatially be resolved, in partic-
ular, we assume that atoms are positioned around the
site at m = 0 and a size of cluster of the particles is less
than the spatial resolution σ, as numerically investigated
above. Equivalently, we assume that matrix elements of
the operator nˆmρˆnˆl rapidly vanish when m > σ/d or
l > σ/d. We thus neglect higher-order terms of m in
Eq. (A6). Second, we also neglect higher-order terms of
X since they result in higher-order terms in d/σ after the
integration over X . Specifically, we can show that, after
performing the integration in Eq. (A4), O(Xndn/σ2n)
contributions ultimately provide O(
√
σ · (d/σ)n) contri-
butions (as inferred from, e.g., Eq. (A9) below). Such
higher-order terms can be neglected compared with the
leading contribution (A7) in the limit of a weak spatial
resolution d/σ → 0. Thus, we calculate the first two
terms in Eq. (A5) as
∫ ∞
−∞
dX

 Mˆ(X)ρˆMˆ †(X)√
〈Mˆ †(X)Mˆ(X)〉
−
√
〈Mˆ †(X)Mˆ(X)〉ρˆ


×dW (X ; t)
≃
√
N2γd2√
piσ5
∫ ∞
−∞
dXdW (X ; t)Xe−
X
2
2σ2
{
XˆCM−〈XˆCM〉, ρˆ
}
.
=
√
N2γd2
2σ2
{
XˆCM − 〈XˆCM 〉, ρˆ
}
dW (t), (A8)
where we use the fact that a linear superposition of
Wiener stochastic processes is a Wiener process aside
from a constant factor:
∫ ∞
−∞
dXdW (X ; t)Xe−
X
2
2σ2 =
√
σ3
√
pi
2
dW (t). (A9)
Here dW is the standard Wiener process satisfying
(dW (t))2 = dt and E[dW (t)] = 0. Equation (A8) can-
cels out the contribution resulting from the last term in
Eq. (A5), which means that Eq. (A4) goes to zero in
the limit of weak spatial resolution, which completes the
derivation of Eq. (7).
We note that if we consider a single particle, Eq. (7)
reproduces the previous results [43–47] for the continu-
ous position measurement model of a single particle. We
also note that, by employing the effective spatial resolu-
tion defined by Eq. (2), one can derive the weak spatial-
resolution and strong atom-light coupling limit for a gen-
eral point spread function along the same line as in the
above calculations.
Appendix B: Derivation of the time-evolution
equation for distinguishable particles
We here derive the time-evolution equation (10) for
distinguishable particles from Eq. (9). Using the multi-
plication rules of dNi(X ; t), we obtain the time-evolution
9equation of ρˆ = |ψ〉〈ψ|:
dρˆ = − i
h¯
[
Hˆ, ρˆ
]
+
N∑
i=1
[
Di[ρˆ]dt+
∫
dXi
(
Mˆi(Xi)ρˆMˆ
†
i (Xi)
〈Mˆ †i (Xi)Mˆi(Xi)〉
− ρˆ
)
×
(
dNi(Xi; t)− 〈Mˆ †i (Xi)Mˆi(Xi)〉
)]
, (B1)
Di[ρˆ] =
∫
dX
(
Mˆi(X)ρˆMˆ
†
i (X)−
1
2
{
Mˆ †i (X)Mˆi(X), ρˆ
})
.
(B2)
As in the previous section, the dissipator Di[ρˆ] can be
calculated in the weak resolution limit as
Di[ρˆ] ≃ −γid
2
4σ2
[xˆi, [xˆi, ρˆ]] , (B3)
where we introduce the position operator of each parti-
cle, xˆi =
∑
mm|m〉ii〈m|, and use xˆ2i =
∑
mm
2|m〉ii〈m|,
i〈m|l〉i = δm,l, and
∑
m |m〉ii〈m| = Iˆ. Equation (B3)
gives the first line in Eq. (10).
We next consider the remaining terms in Eq. (B1). To
complete the derivation of Eq. (10), the following contri-
bution has to be shown to go to zero:
∫
dX Ri(X ; t)
dNi(X ; t)− 〈Mˆ †i (X)Mˆi(X)〉dt√
〈Mˆ †i (X)Mˆi(X)〉
≃
∫
dX Ri(X ; t)dWi(X ; t), (B4)
where we use the central limit theorem and introduce
Ri(X ; t) =
√
〈Mˆ †i (X)Mˆi(X)〉
×
(
Mˆi(X)ρˆMˆ
†
i (X)
〈Mˆ †i (X)Mˆi(X)〉
−ρˆ− d√
2σ
{xˆi−〈xˆi〉, ρˆ}
)
.
(B5)
Since we assume that the particles are not entangled in
the initial state and are non-interacting as described in
Sec. III C, the density matrix ρˆ can be decomposed into
the direct product of ρˆi for each particle i. We can thus
show the convergence of Eq. (B4) by applying the deriva-
tion (A8) in the previous section to a single-particle case
N = 1.
Appendix C: Derivation of the diffusion constant for
distinguishable particles
We here derive an analytical formula of the diffusion
constant of the relative distance of distinguishable par-
ticles. To this end, we first consider a single-particle
model. We denote 〈n|ρˆ|m〉 = ρn,m, where |n〉 is the
state in which a particle localizes at site n. Then, the
non-selective time evolution is described by
ρ˙n,m = iJ
(
ρn+1,m + ρn−1,m − ρn,m+1 − ρn,m−1
)
−Γ
4
(n−m)2ρn,m. (C1)
We are interested in the diffusive regime, i.e., in the long-
time limit. In this regime, as can be seen from Eq. (C1),
the coherence between remote different sites should be
neglected because the decoherence rate becomes larger
as the distance between different sites increases. Hence,
we only consider the coherence between neighboring sites
ρn,n±1 and also assume that the time evolution of these
values can be neglected ρ˙n,n±1 ≃ 0 in the stationary
regime. This results in the following expressions
ρn,n±1 ≃ 4iJ
Γ
(ρn±1,n±1 − ρn,n) ,
ρn±1,n ≃ −4iJ
Γ
(ρn±1,n±1 − ρn,n) . (C2)
By substituting these into the time evolution equation of
the on-site density component ρn,n, we obtain
ρ˙n,n = iJ (ρn+1,n + ρn−1,n − ρn,n+1 − ρn,n−1)
≃ 8J
2
Γ
(ρn+1,n+1 − 2ρn,n + ρn−1,n−1) , (C3)
which is the diffusion equation with the diffusion constant
8J2/Γ. We note that similar discussions for the site-
resolved decoherence model can be found in Refs. [62,
64].
For non-interacting distinguishable particles, the vari-
ance of the relative distance between two particles is
given as σ2r = 〈(xˆ1 − xˆ2)2〉 = 〈xˆ21〉 + 〈xˆ22〉 − 2〈xˆ1〉〈xˆ2〉,
where xˆ1(2) is the position operator of particle 1 (2). If
particles are initially localized in single sites, the expec-
tation values of the positions 〈xˆ1,2〉 should remain in the
initial values. In particular, we choose the initial condi-
tion of two adjacent particles 〈xˆ1〉0 = 0 and 〈xˆ2〉0 = 1 as
in the numerical simulations. As a result, we obtain the
long-time limit behavior of σr as
σ2r =
32J2t
Γ
≡ 2Dct, (C4)
where we introduce the diffusion constant Dc for the rel-
ative distance.
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